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1 Introduction

For a standard reference on these definitions, see the bibliography below.

Notations:

We have any ring (R, +,.) := R.
Irreducible element: ¢

Prime element: p

Unique factorisation domain: UFD
Greatest Common Divisor Domain: GCD

greates common divisor of a,b : gcd(a,b)

Definitions:

1.

Irreducible element: In R, a non zero, non unit element ¢ is called
irreducible element iff i = ab = either a or b is an unit for any a,b € R.
Just think it similar to that in Z. In Z only unit element are +1. So the
above is traslated to definition of prime.

Prime Element: In R, a non zero non unit element p is called prime iff
plab = pla or p|b for any a,b € R.

Note: Prime elements are irreducible elements in Integral Do-
mains but converse is not true. See [69504] for the proof.

UFD: A commutative ring with identity and with no zero divisors (basi-

calyl an Integral domain) where every element a can be written uniquely
as follows:

n
a= prl ; ki € N, p; is prime element
i=1



Note: In UFD, prime and irreducible elements are same. See
[257955]

4. GCD: A GCD domain is an integral domain where any two elements a, b
has a greatest common divisor(ged). See [PMGCD] for more details and
definitions.

5. Associates: In R, a,b are called associates iff a = bu for some w is an
unit.

2 UFD = GCD

In this section we will prove that in a UFD, any two elements have a gcd.

The proof is same as we can do in Z. Because note in Z the fundamental
theorem of arithmatic is same as the requirement of Z being a UFD.

proof: So, we take two elements a,b € R and R being a UFD there is unique
primes/irreducibles such that:

a= priua, b= Hq;jub
i J

ug and up are units in R. Now, form an element d € R as follows,

d= H COM(pi, qj)min{ki,'r'j}
]
Here, COM(p;, g;) = 1 if p; # ug; or COM(p;, ¢;) = pi = ug; if p; = ug;.
Now, let ¢ € R be a common divisor of a,b. So, there is a1,b; € R such that
ca; = a and cb; = b. Also

— my
=TT+
t

Now, comparing irreducible elements we get according to UFD property,

all s; has to be an associate of some p; as well as ¢; and this only possible
when p; = ug; for that specific 4,j. Then we have c is of the following form
only,

¢ =[] CcoM(pi, g
(2]
where k; ; < min{k;,r;}
Hence, c|d. Hence d = gcd(a, b).
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